Abstract. The reductions of the Heun equation to the hypergeometric equation by rational changes of its independent variable are classified. Heun-to-hypergeometric transformations are analogous to the classical hypergeometric identities (i.e., hypergeometric-to-hypergeometric transformations) of Goursat. However, a transformation is possible only if the singular point location parameter and normalized accessory parameter of the Heun equation are each restricted to take values in a discrete set. The possible changes of variable are all polynomial. They include quadratic and cubic transformations, which may be performed only if the singular points of the Heun equation form a harmonic or an equianharmonic quadruple, respectively; and several higher-degree transformations.
the sense of projective geometry; in which case the change of variables must be quadratic. We shall show that there are several other possibilities. A transformation may also be possible if the singular points form an equianharmonic quadruple, in which case the change of variables must be cubic. There are additional singular point configurations that permit transformations of degrees 3, 4, 5, and 6. Our main theorem (Theorem 3.1) and its corollaries classify all such transformations, up to linear automorphisms of the Heun and hypergeometric equations.
We were led to this correction and expansion of the theorem of Ref. [9] by considering a discovery of Clarkson and Olver [5] : an unexpected reduction of the Weierstrass form of the equianharmonic Lamé equation to the hypergeometric equation. Their reduction involves a cubic change of the independent variable, which, it turns out, is a special case of a general transformation. In Ü4, we determine the extent to which their result can be generalized.
Our new transformations are similar to the polynomial transformations which appear in the classical hypergeometric identities (i.e., hypergeometric-to-hypergeometric transformations) of Goursat. (See [6] , Chap. 2; also [3] .) Transforming the Heun equation to the hypergeometric equation is more difficult: it is possible only if the singular point location parameter and normalized accessory parameter are restricted to take values in related discrete sets. Actually, the Heun-to-hypergeometric transformations classified in this part of the paper (Part I) are of a restricted type: unlike most classical hypergeometric transformations, they include no linear change of the dependent variable. A classification of Heun-to-hypergeometric transformations of the more general type is possible, but is best phrased in geometric terms: it relies on a classification of certain branched covers of the Riemann sphere by itself. Such a classification will appear in Part II. where each column, except the last, refers to a singular point. The first entry is its location, and the final two are the characteristic exponents of the solutions there. The exponents at each singular point are obtained by solving the Frobenius indicial equation [7] . In general, If is not a nonpositive integer, the local solution at Þ ¼ belonging to the exponent zero will be analytic. In that case, when normalized to unity at Þ ¼, it will be the Gauss hypergeometric function ¾ ½´ Þµ [6] . This is the sum of a hypergeometric series, which converges in a neighborhood of Þ ¼. If is not a nonpositive integer, the local solution at Ø ¼ belonging to the exponent zero will be analytic. In that case, when normalized to unity at Ø ¼, the solution is called the local Heun function, and is denoted ÀÐ´ Õ « ¬ AE Øµ [11] . It is the sum of a Heun series, which converges in a neighborhood of Ø ¼ [11, 13] . In general, ÀÐ´ Õ « ¬ AE Øµ is not defined when is a nonpositive integer. certain parameter choices, Ë may be compact, in which case the solutions, projected to the multiply punctured Riemann sphere, will be finite-valued, i.e., algebraic. We mention this only in passing: Heun-to-hypergeometric transformations will turn out to exist even in the absence of algebraicity. If¯ ¼ and Õ «¬ , the Heun equation loses a singular point and becomes the hypergeometric equation. Similar losses occur if AE ¼, Õ «¬, or ¼, Õ ¼. Our results will exclude the degenerate case when the Heun equation has fewer than four singular points, since transforming the hypergeometric equation into itself is a separate problem, leading to hypergeometric identities. Also, our treatment will initially exclude the following case, in which (À) can be solved by elementary means. [6] and [11] , ÜA2 and Addendum, Ü1.8.) If an equation with singular points at Ø ¼ ½ ½ has dependent variable Ù, carrying out the substitution Ù´Øµ Ø ´Ø ½µ ´Ø µ Ù´Øµ will convert the equation to a new one, with the exponents at Ø ¼ ½ reduced by respectively, and those at Ø ½ increased by · · . By this technique, one of the exponents at each finite singular point can be set to zero, yielding the Heun equation.
Preliminaries.

The Equations
are not unique: in general, there are two possibilities for each.
In fact, the Heun equation has a´ ¾ µ ¿ group of F-homotopic automorphisms, since at each of Ø ¼ ½ , the exponents ¼ can be shifted to ¼, which is equivalent to ¼ . Similarly, the hypergeometric equation has a´ ¾ µ ¾ group of F-homotopic automorphisms. These groups act on the 6-dimensional and 3-dimensional parameter spaces, respectively. For example, the latter includes´ µ ´ µ, which is obtained from an F-homotopic transformation at Þ ½. The identity
is satisfied by ¾ ½ , since ¾ ½ is a local solution at Þ ¼, rather than at Þ ½.
If the regular singular points of the Fuchsian differential equation are arbitrarily placed, transforming it to the hypergeometric or Heun equation will require a Möbius (i.e., projective linear or homographic) transformation, which repositions the singular points to the standard locations. A unique Möbius transformation maps any three distinct points in È ½ to any other three distinct points; but the same is not true of four points, which is why the Heun equation has as a free parameter.
The
Cross-Ratio. Our characterization of Heun equations that can be reduced to the hypergeometric equation will employ the cross-ratio orbit of ¼ ½ ½ , defined thus. If are four distinct points in È ½ , their cross-ratio iś
The cross-ratio is is invariant under Möbius transformations; in fact,´ ½ ½ ½ ½ µ can be mapped to´ ¾ ¾ ¾ ¾ µ iff their cross-ratios are equal. When studying the mapping of unordered point sets, it is necessary to take the action of permutations into account. Permuting transforms´ µ in a well-defined way, yielding an action of the and are said to be harmonic pairs. More generally, if´ µ equals any of ½, ½ ¾, or ¾, i.e., if ½ ½ ¾ ¾ is the cross-ratio orbit of the unordered set , then is said to be a harmonic quadruple. It is easy to see that if is at infinity and are distinct finite points, then and will be harmonic pairs iff is the midpoint of the line segment . In consequence,
½ will be a harmonic quadruple iff comprises three points which are collinear and equally spaced. So, È ½ will be a harmonic quadruple iff it can be mapped by a Möbius transformation to a set consisting of three equally spaced finite points and the point at infinity; equivalently, to the vertices of a square in .
The cross-ratio orbit containing exactly two values comprises the two non-real cube roots of ½, i.e., is ´½ · Ô ¿µ ¾ ´½ Ô ¿µ ¾ . If this is the cross-ratio orbit of , is said to be an equianharmonic quadruple. If is at infinity, will be an equianharmonic quadruple iff are the vertices of an equilateral triangle in . If È ½ is interpreted as a sphere via the usual stereographic projection, then by a linear transformation (a special Möbius transformation), this situation reduces to the case when ½ are the vertices of a regular tetrahedron. So, È ½ will be an equianharmonic quadruple iff it can be mapped by a Möbius transformation to the vertices of a regular tetrahedron.
Cross-ratio orbits are of two sorts: real orbits such as the harmonic orbit, and non-real orbits such as the equianharmonic orbit. All values in a real orbit are real, and in a non-real orbit, all have a nonzero imaginary part. So, will have a specified real orbit as its cross-ratio orbit iff it can be mapped by a Möbius transformation to a set consisting of three specified collinear points in and the point at infinity; equivalently, to the vertices of a specified quadrangle (generically irregular) in . Similarly, it will have a specified non-real orbit as its cross-ratio orbit iff it can be mapped to a set consisting of a specified triangle in and the point at infinity; equivalently, to the vertices of a specified tetrahedron (generically irregular) in È ½ .
The cross-ratio orbit of ¼ ½ ½ will be the harmonic orbit iff equals ½, ½ ¾, or ¾, and the equianharmonic orbit iff equals´½ ¦ Ô ¿µ ¾. In contrast, it will be a specified generic orbit iff takes one of six orbit-specific values.
The cross-ratio orbit of ¼ ½ ½ being a specified orbit is equivalent to its being the same as the cross-ratio orbit of some specified quadruple of the form ¼ ½ ½ , i.e., to there being a Möbius transformation that maps ¼ ½ ½ onto ¼ ½ ½ . By examination, this occurs iff ¼ ½ is mapped onto ¼ ½ by some linear transformation, i.e., iff the the triangle ¼½ is similar to some specified triangle in . This gives a geometric significance to the allowed values of .
For the equianharmonic orbit, in which the six values degenerate to two, the triangle may be chosen to be any equilateral triangle. For a real orbit, all values on the cross-ratio orbit are real. But the statement about the orbit being characterized by ¼½ being similar to some triangle in is still true in a degenerate sense, in which the vertices of the triangles are allowed to be collinear. For example, the cross-ratio orbit of ¼ ½ ½ being the harmonic orbit is equivalent to the 'triangle' ¼½ being similar to the 'triangle' ¼½¾, i.e., to the unordered set ¼ ½ being a set consisting of three equally spaced collinear points. This will hold iff equals ½, ½ ¾, or ¾, in agreement with the definition of a harmonic quadruple.
Automorphisms.
According to the theory of the Riemann È -function, a Möbius transformation Å of the independent variable will preserve characteristic exponents. For the hypergeometric equation´ µ, this implies that if Å is one of the ¿ Möbius transformations that permute the singular points Þ ¼ ½ ½ (i.e., elements of the symmetric group Ë ¿ ), the exponents of the transformed equation´ µ at its singular points Å´¼µ Å´½µ Å´½µ will be those of´ µ at ¼ ½ ½. But if Å is not linear, i.e., Å´½µ ½, then´ µ will not in general be a hypergeometric equation, since its exponents at Å´½µ may both be nonzero. To convert´ µ to a hypergeometric equation, each permutation in Ë ¿ must in general be followed by an F-homotopic transformation of the form Ý´Þµ Þ Å´½µ℄ Ý´Þµ or Ý´Þµ Þ Å´½µ℄ Ý´Þµ. The case Ø ¼ ¼ should serve as an example. The ¾ transformations in the subgroup associated to Ø ¼ yield ¾ equivalent expressions for ÀÐ´ Õ « ¬ AE Øµ, one of which, the only nontrivial one with no F-homotopic factor, is [11, 13] ÀÐ´ Õ « ¬ AE Øµ ÀÐ´½ Õ « ¬ « · ¬ AE · ½ Ø µ (2.8) (The two sides are defined if is not a nonpositive integer.) The additional seven sets of 24 are expressions for the additional seven local solutions. One which will play a role is the solution at Ø ¼ belonging to the exponent ½ . One of the ¾ expressions for it, in terms of ÀÐ, is [13] ÀÐ´
where the transformed accessory parameter Õ ¼ equals Õ ·´½ µ´¯· AEµ. In general, automorphisms of´Àµ will alter not merely and the exponent parameters, but also the accessory parameter Õ. This is illustrated by (2.8) and (2.9).
Polynomial Heun-to-Hypergeometric Transformations.
We can now state, and prove, our corrected and expanded version of the theorem of Ref. [9] .
The theorem will characterize when a homomorphism of rational substitution type from the Heun equation (À) to the hypergeometric equation ( ) exists. It will list the possible substitutions, up to linear automorphisms of the two equations. It is really a statement about which Ä´Àµ-orbits may be mapped by homomorphisms of this type to Ä´ µ-orbits. The possible substitutions, it turns out, are all polynomial.
For ease of understanding, the characterization of the theorem will be concrete: it will require that the triangle ¼½ be similar to one of a set of triangles of the form ¼½ .
Similarity occurs iff belongs to the cross-ratio orbit of , i.e., iff can be generated from by repeated application of ½ and ½ . It is worth noting that if Ê ½ ¾, the orbit of is closed under complex conjugation.
For each value of , the polynomial mapping from Ø ¾ È ½ to Þ ¾ È ½ , which we denote Ê, will be given explicitly when . When , the mapping can be computed by composing with the unique linear transformation Ä ½ of that maps ¼½ to ¼½ .
When , statements about necessary conditions regarding the singular points, characteristic exponents, and accessory parameter must also be modified. For example, case 1 of the theorem refers to a distinguished singular point ¼ , the mandatory value of which is given when . For example, in the harmonic case 1(a), the map Ø Þ coalesces two of Ø ¼ ½ to either Þ ¼ or Þ ½, and by examination, the coalesced point is not a critical value of the map; so the characteristic exponents of those two points are preserved, and must therefore be the same, as stated in the theorem. On the other hand, the characteristic exponents of the third point of the three, Ø ¼ , are necessarily halved when it is mapped to Þ ½ or Þ ¼, since by examination, Ê always has a simple critical point at Ø ¼ , i. In the equianharmonic case 2(a), the map Ø Þ coalesces Ø ¼ ½ to either Þ ¼ or Þ ½; and by examination, the coalesced point is not a critical value of the map; so the characteristic exponents of those three points are preserved, and must therefore be the same, as stated in the theorem. On the other hand, at Ø Õ «¬, which is mapped to Þ ½ or Þ ¼, Ê has, by examination, a double critical point, i.e., Þ ÓÒ×Ø · ´Ø Õ «¬µ Proposition 3.3, which was already used in Remark 3 above, is an immediate consequence of the following lemma, which has an elementary proof. But the proposition is best seen as a special case of a basic fact in the theory of the Riemann È -function: if a rational change of the independent variable transforms one Fuchsian equation on the Riemann sphere to another, then the characteristic exponents are transformed multiplicatively. In that context, it would be proved by examining the effects of the change of independent variable on each local (Frobenius) solution.
2(c).
The lemma begins the study of sufficient conditions for the existence of a Heun-tohypergeometric transformation. Finding them requires care, since an accessory parameter is involved. It is useful to perform the substitution Þ Ê´Øµ explicitly. Substituting Þ Ê´Øµ Most of what follows is devoted to proving the 'only if' half of the proposition in the light of these facts, by examining the consequences of the equality (3.4). In the final paragraph, the 'if' half will be proved.
There are exactly three ways in which the equality (3.4) can hold. The 'only if' half of the proposition has now been proved; the 'if' half remains. Just as the equality (3.4) implies the stated conditions on Ê, so the stated conditions must be shown to imply the equality (3.4). But the conditions on Ê are equivalent to the left-hand side and right-hand side having the same poles and zeroes, i.e., to their being the same up to a constant factor. To show the constant is unity, it is enough to consider the limit Ø ½. If Ê Ò, then Ê Ê Ò Ø and Ë Ë Ò Ø, so Í, i.e., the left-hand side, has asymptotic behavior Ò ¾ Ø ¾ . This will be the same as that of the right-hand side if´«¬µ ´ µ Ò ¾ . But « Ò and ¬ Ò follow from the assumption that Ê maps exponents to exponents.
Proof (of Theorem 3.1).
By Proposition 3.6, the preimages of Þ ¼ ½ under the polynomial Ê must include Ø ¼ ½ , and in case 2 of the proposition, Ø Ô Õ «¬. They may also include Ð (additional) double zeroes of Ê or of Ë, which will be denoted Ø ½ Ð . Cases 1 and 2 of the theorem correspond to cases 1 and 2 of the proposition, and the subcases of the theorem correspond to distinct choices of Ð. to its right-hand side. The special equianharmonic reduction (3.5g) can be obtained in the same way from the case ¬ ½ « of the equianharmonic reduction (3.5d).
One might think that (3.6) could be applied to the right-hand sides of the remaining reductions in (3.5a)-(3.5g), to generate additional composite reduction formulae. However, there are only a few cases in which it can be applied; and it is easily checked that when it can, it imposes conditions on the parameters of ÀÐ which require that the Heun equation of which ÀÐ is a solution have fewer than four singular points.
Proof. ÀÐ and ¾ ½ are the local solutions of their respective equations which belong to the exponent zero at Ø ¼ (resp. Þ ¼), and are regular and normalized to unity there. So the corollary follows from Theorem 3.1: (3.5a)-(3.5c) correspond to subcases 1(a)-1(c), and (3.5d)-(3.5g) to subcases 2(a)-2(d). In each subcase, the Gauss parameters´ µ of ¾ ½ are computed by first calculating the exponents at Þ ¼ ½ ½, in the way explained in Remark 3.
In some subcases, the polynomial map supplied in Theorem 3.1 must be chosen to be Ë rather than Ê, due to the need to map Ø ¼ to Þ ¼, not Þ ½, so that the transformation will reduce ÀÐ to ¾ ½ , rather than to another local solution of the hypergeometric equation.
In all, there are ¾ ¾ reductions of ÀÐ to ¾ ½ of this non-F-homotopic sort, rather than , since the Ê-vs.-Ë choice mentioned in Remark 2 does not apply, as noted in the proof. Equivalently, for each subcase of Theorem 3.1, there is one reduction of this sort for each of the possible values of . Each reduction listed in Corollary 3.7 corresponds to choosing . Any other on the cross-ratio orbit of may be chosen, but the orbit is defined by ¼½ being one of the triangles (at most six) similar to ¼½ , i.e., being obtained from ¼½ by a linear transformation Ä ½ ¾ Ä´Àµ. So for any corollary subcase and choice of , the corresponding reduction is Þ Ä ¾´Ê½´Ä½´Ø µµµ, where Ä ½ is constrained to map ¼½ to ¼½ , Ê ½ is the canonical transformation that appears in the subcase, and Ä ¾ ¾ Ä´ µ, i.e., Ä ¾´Þ µ Þ or ½ Þ, must be chosen so that Ø ¼ is mapped to Þ ¼.
For example, in (3.5a), which corresponds to the harmonic subcase 1(a), the canonical transformation is Ê ½ Ø´¾ Øµ, and the
This reduction is obtained by choosing Ä ½´Ø µ Ø · ½ and Ä ¾´Þ µ ½ Þ.
In applications, it is seldom the case that the four regular singular points of an equation of Heun type are located at ¼ ½ ½. But Theorem 3.1 and its corollary may readily be generalized. Consider the canonical situation when three of the four have zero as a characteristic exponent, since this may always be arranged by an F-homotopic transformation. There are two situations of interest: either the singular points include the point at infinity, and each of the finite singular points has zero as a characteristic exponent, or the location of the singular points is unrestricted. The latter includes the former. They have the respective È -symbols respectively. Each of the È -symbols (3.8) is accompanied by an accessory parameter. The equation specified by (3.8a) can be written as
where Õ ¼ is the accessory parameter [11] . The equation specified by (3.8b) with ½ can be written as
where Õ ¼¼ is the accessory parameter [11] .
There is an impediment to the satisfactory generalization of Theorem 3.1 to these two equations, which is the rigorous specification of which cases should be excluded on account of their being 'trivial', or having fewer than four singular points. The excluded cases should really be specified not in terms of the ad hoc accessory parameters Õ ¼ and Õ ¼¼ , but rather in an invariant way, in terms of an accessory parameter defined so as to be invariant under linear or Möbius transformations. (See Ref. [11] , Addendum, Ü2.2.) However, it is clear that Example 1. Suppose ½ ¾ ¿ form a harmonic quadruple, i.e., they can be mapped by a Möbius transformation to the vertices of a square in . Moreover, two of ½ ¾ ¿ have the same characteristic exponents, and are mapped to diagonally opposite vertices of the square. That is, of the three parameters AE ¯, the two corresponding to a diagonally opposite pair must be equal.
In this case, provided the accessory parameter takes a value that can be computed from the other parameters, a substitution Ê exists. In general, it will be a degree-2 rational function, the only critical points of which are the third singular point (out of ½ ¾ ¿ ) and . Either Ê will map the two distinguished singular points to Þ ½ and the third singular point to Þ ¼, or vice versa; and to Þ ½. In the special case when the characteristic exponents of the third point are twice those of the two distinguished points, degree-4 rational substitutions are also possible. Example 2. Suppose ½ ¾ ¿ form an equianharmonic quadruple, i.e., they can be mapped by a Möbius transformation to the vertices of a regular tetrahedron in È ½ . Moreover, ½ ¾ ¿ have the same characteristic exponents, i.e., AE ¯.
In this case, provided the accessory parameter takes a value uniquely determined by the other parameters, a substitution Ê exists. In general, Ê will be a degree-3 rational function, the only critical points of which are the mean of ½ ¾ ¿ with respect to , and . Either Ê will map ½ ¾ ¿ to Þ ½ and the mean of ½ ¾ ¿ with respect to to Þ ¼, or vice versa; and to Þ ½. In the special case when the characteristic exponents of each of ½ ¾ ¿ equal ¼ ½ ¿, degree-6 rational substitutions are also possible.
Remark. In Example 2, the concept of the mean of three points in È ½ with respect to a distinct fourth point was used. A projectively invariant definition is the following. If Ì is a Möbius transformation that takes ( ½ ¾ ¿ ) to the point at infinity, the mean of ½ ¾ ¿ with respect to is the point that would be mapped to the mean of Ì ½ Ì ¾ Ì ¿ by Ì .
The Clarkson-Olver Transformation.
The transformation discovered by Clarkson and Olver [5] , which stimulated these investigations, turns out to be a special case of the equianharmonic transformation discovered in Ü3. Their transformation was originally given in a rather complicated form, which we shall simplify.
Recall that the Weierstrass function ´Ùµ ´Ù ¾ ¿ µ with invariants ¾ ¿ ¾ has a double pole at Ù ¼, and satisfies So, what Clarkson and Olver considered was the equianharmonic Lamé equation, the natural domain of definition of which is a torus Ì (i.e., an elliptic curve) with special symmetries. For the Lamé equation to be viewed as a Heun equation on È ½ , it must be transformed to its algebraic form [7] , by × ´Ùµ. The algebraic form is A natural question is whether their transformation can be generalized. Corollary 4.2 does not offer much hope, other than allowing an arbitrary nonzero value of ¿ (which may even be non-real, so that ¡ may be non-real). Actually, the harmonic case as well as the equianharmonic case of Corollary 3.8 can be applied to the algebraic-form Lamé equation. One of the resulting quadratic transformations was recently discovered by Ivanov [8] . But quadratic rather than cubic changes of the independent variable, and more general transformations of the Lamé equation, will be treated elsewhere.
The most noteworthy feature of the Clarkson-Olver transformation is that it can be performed irrespective of the choice of characteristic exponent parameter . Only the accessory parameter Ö is restricted. As they remark in their paper, when Remark. As in the derivation of the reductions listed in Corollary 3.7, the Gauss parameters´ µ of the resulting hypergeometric function are computed by first calculating the exponents at Þ ¼ ½ ½, using the mapping of exponents to exponents.
The following example shows how such rational substitutions are constructed. In subcase 1(a) of Theorem 3.1, i.e., the harmonic case, ¾ and the polynomial tranformation is Ø Þ Ê ½´Ø µ Ø´¾ Øµ; the necessary condition on exponents is that Ø ¼ have identical exponents. Consider ½, which is on the cross-ratio orbit of . Å ½´Ø µ ´Ø ½µ Ø can be chosen; also, let Å ¾´Þ µ ½ Þ. ½, provided it has identical exponents at Ø ½ , i.e., provided AE ¯.
In this example, Å ½ Å ¾ were selected with foresight, to ensure that Ê maps Ø ¼ to Þ ¼. This makes it possible to regard the substitution as a reduction of ÀÐ to ¾ ½ , or of ÀÐ to ¾ ½ . By computation of exponents, the reduction is ÀÐ´ ½ ¼ ¼ ¬ ´½ · ¬ · µ ¾ Øµ Working out the number of rational substitutions Þ Ê´Øµ that may be applied to trivial Heun equations, where Ê´¡µ is of the form Å ¾´Ê½´Å½´¡ µµµ, is a useful exercise. There are seven subcases of Theorem 3.1, i.e., choices for the polynomial Ê ½ . Each subcase allows to be chosen from an orbit consisting of Ñ cross-ratio values: Ñ ¿ in the harmonic subcases 1(a) and 1(c), Ñ ¾ in the equianharmonic subcases 2(a) and 2(d), and Ñ in the others.
In any subcase, the choices for Å ½ are divided equally among the Ñ values of , and there are also ¿ choices for Å ¾ . So each subcase yields´ Ñµ¿ rational substitutions for each value of , but not all are distinct. 
